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15.4  Double |n¥e3ra\ over Rec}anﬂ\es

Recall  Avea Prab\em = Dejinife in}ejra\
b

Jj(x) d = lim Zh__'j(xf)Ax

N-00 |:|
0

IDEA : Volume [)roblem => Double Inieﬂral,

Volumes and  Double |n‘egra|s

A (closed) rec’tanﬂle R =[a,b]x[c.d] , is the sel of all Pofn}s lx,g)e R® such
that a<x<b and céﬂéd.

let f(X.H) 20 a continuous funnlfon o\ejmed on R, let S dengle the colid
under the araph z =f(*'ﬂ) over the feﬁl’on R

z fley)

ﬁoa\ - Find volume OI S = { ('X,a,Z)é [Ra \('X,H)Gm) O¢z 5:“":9)}

Riemann Sum  Divide [a,b] info m subinfervals [%:- »'X;] of equal
width Ax = b-a ond [c.d] inb n subinfervals [31-1,fjj]
m
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| width Ay = d-c ,

oj equal wi y nc

S0 we divide R inlo a union o} smaller rem'ang\es

Ry - L%, %] X [5]—1,51] , each with grea A A = Ax.Aﬂ.
Pick an arbi’(rarj POl‘nt (sample Pom’r) (x;, lj;}) in each Riy ,and then

we can oPProxnmoﬁe the Par’r oj S that lies above Rj bﬁ a thin reclanauhr
box with base RS and heiﬂht j(xggg)

£/

z =f(x.3)
Lo

e

’
XS
G
R
N
<

x
\
2
O
S/
S

0>
%

The 'ePQah“ﬁ fhis Procedurc jor all redanales, we 3et
an oNxoximallion {or the volumeof S:

m 0 .
V =~ ZL“"‘,}»%)AA= Smn

L= I

This op\)roxima)n'on Sels befter and betler as m%n become |ar3er we exped that
m N
Vlin Sppo= lim 2 ) flxg,yg) AA

mn— 00 m,n—00 L=| J=I
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DEF  The double m’reﬂra\ Oj f over a redanﬁle R is

“ f(x,g\ dA - lm Z Z_ f(m‘} , 3‘;) AA Prov(ded the Imit exsts.,

mvn'_)m =1 |=I
R J

Thm  Let j bea bounded funch'on o\ef{ned on o rec’rarﬂle R.
Assume the set of al Pou'n*s wherej i not continvous consisls OJC
ajn'ni’re number of continuous  curves and/or Poinls.

Then f is iniegmb\e over R .

Property of Double Inteqrals
—g J

et j, 9 be in}ejrab\e ;[unch'ons on R and lel ¢ bea

constant . Then

a) The function fﬂj , c]C are both |'n¥eﬂrable and

BM i =l[fax\*£[3a/\
Hcfo\/\ :CHjO\A

R R

b) If f(x,ﬁ)Sﬂ(x.ﬁ) for all (oy) in R, then

Hfdf\ sﬂjdA.

R R
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Heraled |n¥e3ra\s

For a sinjle in\ejra\s . FTC Provides an easier waj oj compuﬁnﬂ in{eﬂra\s.

Double Inlegrals : Express a double m}eﬁm\ as an teraled in}ejra\ . which can be
evaluated %ﬂ ca\culo’dnﬂ two sinﬂle m}ejrals.

let j(xﬁ) be m*egrable on R =[a,b]lx[cd].

d
X{l*x,g) Jj = xis held {ied and j(x»ﬂ) 6 fn}eﬂmfed wrt y from y=c
c b 1o ﬂ =d.
partial m|eﬂrml|'on
wri y -

d
Alx) . J fxy)dy is a number that depends on x, 0 defines a Juncion

c

Now we can sh%egra}e a func}ion A wrt x fmm x=0 fo x=b ,oHa[m’nﬂ
b b 4

XAMAX - J[ [f(x,g)dﬂ} dx
> L
teraled m*egra\ .
b d b _ 4
[ [ oy - J “ fu,ﬂ)aﬂ s

firs} mlejm{e wrl j from =¢ o
y=d (while holding = }ned) and then m}ejra*e
resuHing {undion ofjx wrt jrom x=a tox=b

Lecture 1 - Double Integrals Page 4



[—4

7

5

Saturday, April 30, 2016 2:54 PM

JJ(X-332NX0\3 =H'jx-3jl o\'x] dj - J [% -39&32:1 dﬂ

10 11 0 i 0
=j(a-€3“)d3 = aj-afr = -1

2 1, 11

[f(x-:‘}jl)dﬁ dx = J[xj -Bsralx - !x-? dx =§3-7xJ:=—IQ

RemarK  Notice that we ﬂd the same answer whether we in}egra{eo\ wrt yor
x tist . In Seneral it durns out that the two teraled m)wﬂrals
are a\wajs equa\ . (1e.order oj mjteﬂrah'on does not matter ) .

The jollown'nﬂ theorem gives a Pmch'cal method jor evaluah’nﬂ a double l'n*eﬂral
li'j expressing it as an iterated iniearal.

Fubint's  Thearem

f {is continuous on the rec%anﬂ\e R=[a,b] X[c,d] ,then

” flrg)dy =Tff("»ﬂ)0‘j da =jlif(x,3)dxdﬂ.
‘ a¢ ¢ a

Ex Evaluote \H 1_3_1_ dA ,R= [0)1]x['3’3]

x+]

13 { 3 i
Xy’ dA_“'Xgldd-Jxﬂgfs d_JIQ'xA
Ux“i i 3X+i j"-o x2+1 _sx_ox“ix
)
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i
=la§\n\x2+1|] - qInlal.

(4]
1 3 i3
. 2 2
RemarK [{:‘ dx jﬂ dﬂ = j _;Xlg;dﬂdx
0 -3 0 -3

In jenera\ f ]‘(x),ﬂlg) are both cortinuous function on R = [a,b] x [c.d],
then

b d
ﬂ fo0)qly) dA - ( [ )( [ oy dy ) .

5.3 Double In%eﬂrals over General Peﬁl‘ons :

—

\dea 1c we want fo be able o iniegraie a \func}ion JC not Jus’r over rec{anﬂles
but also over reﬂions D over more Senera\ shaPe.

A AN

y

ng let f(x.g) be a contmuous J‘unc}fon delined on a closed and bounded
reﬂion Dc R® . Then J J f dA over D & 3iven bj

H Jah . “ b sher,

D

foy) , (xy)eD

R i a |arje redanjle con’ral'm‘nﬂ D and F(x,j) . {
0 ,(xy)eR-D
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Reﬂions oj ije ! ond 2

Tye 12 D) -{0y) lagxeh, ) sjéﬁz(X)S

3-31(*) y 9,(x) Y=9,(x)
[j 3 i l ; 3‘ s
3:3&'“3_ - ‘ Qilx) R : 3 9 %) v
a b~ a b~ a Z

In order lo evaluate H §(xy)dA , when D is a region of }jpe I

b
choose R = [a,b)x [C,d] that contams D,

C cee e

0 b b 4
| fxgyan - [[Fry)dn ng dy d
DR R a ¢
Note that F(x,ﬂ)=0 if 5<g.(7() or 3>3,(x) since ("'ﬂ) lies outside D
d 92 (x) 9, (x)
e [Flogdy - | Fogddy - [foogdy sine Flag )= fluy
c 3.(9() g0 when 3("()43 3,[7()

Therefore, 1§ § is continuous on a ]E,Pe I rejl'on D, such that
{(x 5) |a<x<b g.(x)<j ﬂa(%)j , then

b g(x)

” flxy)dA = J If(%g)djd'x

D| a ﬂn (x)
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Tpe 30 0, = [y) [ ceyed, iy < x <hyly) ]

N A
4’1___ dt--
ci{-- cl--~-
N )

Silar reasomp as above can be used 1o show Jrhe o“ownr:ta
| at

Therefore, 1f {6 cortinuous on o BPQ 1 rejwn D such
{ ‘X}ﬂ ‘C<§j<d (h(g) <x¢h (8) j , then
haly)
H{(x,g}dA j [ ftuy) dxdy
0D, ¢ hly)

ﬁ!ﬂﬂ\.ﬂ]& Evaluale the m*eara\ ij dA | where D is bounded tij y=x ‘j=x3

%x%0. )
\ ijeIReT'on
D={(X,3)|05x41,x3$ﬂs'x}
1% i i
3 3
IS I IR (AR
o x*
: ﬁ-ﬁ]i R
g 16 o 8 16 (4
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Propedu'es of Double ln}ejrals

0 [ [ +gbey T dA < [[fiag) ab + [[goug) an

D

D [[eftugy an < e fixg)an

8) I {bugheqlxy) ¥ (ny)e
jJ flx.y)dA < ﬂa(x.ﬂ) dA

D

| ]

4) f D=D'UD ,where D and D dont over\aP excel){ Perhaps on their
boundaries

L deA-J jdA»fﬂ

5) H 14A = A(D)

&) If m sf(x,j) ¢M V (xy)eD ,then

mAI(D) H Hxg)dA ¢ MAD)

D
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154 Double ln’feﬂra\ i Polar coordinates
We may want fo evaluate “ j(x,g) dA , where D 15
D

In this cage the descripjn'on oj D i ferms o rec}argular coordinales

con be quite complicated,, but can be eamlj described usl'nj polar coordinates .
Then D=1{(r,0)] L¢rs Q,OSGSN}

This is specia\ case oj a@lar rec|an8|e R={(r.8)]agreb, o <he B}

/ g’;\ r<b
// )
A0 =4
‘o -
L1 C

Change to polar coordinates in Double Integral

If § is conlinuous on a polar rec’rana\e R given k:j 0¢as¢r¢b, d¢0<B,
where P-d € [0,an] , then

“ fly)dA =

R

f (rcosB,rsin@) r dr dO

f W S— Y
Ll Y -

R
x’+:f =0 and v<’+32=l>2 with 0<a<b

Examp\e ” ;l‘Egi dA  where R iz the rejion that lies between the circles
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o]

.
ein?0 rdr 40 - J
0
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Pmbabili}gj

A Probab}lf}j o\ensilj ]funch’on (pdf) f ofa cortinuous random variable X is
5.t

0 funch'on

1) §(x)20
3) If(x) -1
3) The Probabiliiﬂ that X lies beln a § b is found l’j m)regrmlinﬂ f fomatobe.
b
Plasx<b) . jfmax.

(/]
e Next, consider a pair oj continuous random variables X &Y.

The ]oinjt o\ens}bj ‘juncjn'on of X8Y is q fundion j of two variable such
at

1) ;f('x.j) 20

) Hjlx,g)dﬁ =0

w\z
3) The Probabili{lj that (X,Y) lies in the reﬂlbn D s
quen b}j
P((xV)€D) = [[{lxy)dA.
D

Ex  The Joiml dens'lg Junction ]tor 0 poir of random variables X and Y 15
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flxy) - (x(1+y), if osx51,0s3s2
0 . otherwige

a) find C.
e To Jf{nd C ,we use the fac} that the double meeﬂml of f 5 ecluaHn 1.

As j(x,j)=0 outside the recjfanﬂle Lo/ x [0»9-] , we have

Hf(x,g) dA _ rj fluyldA - J[Cw(nﬂ)dj dx - C Jx[yiq dx
R? a3 J) ] o
- CT‘W dx = C [Jxl]: = JC

ﬂwrefore =1 -1
2
b) Find P(x+Y< 1)

To compute this we need o defermine the reﬁnbn D
s1 P(x+Y<¢1) =PlIX,Y)€D)

\%a:gd Tngei {(x.ﬂ)losxsi, Oéﬂs i-x}

—
) 1 1-x )d ) 4 y=I-x
<) - [ (o = |+ X
S, PIX+Y€ L “3"‘1*3 Y la“[5+%‘]3,o
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i i

Ix3-4x2+39<c\% S SR PCRNE: ol -
AR T

= L
)

0

Suppose X is a random variable with o\f j. [x) and Y is a random variable
wth Pdf falx) Then X and Y are called ino\ependen’c random variables
|f their Join+ densni‘(j function s the Proo\uc’c oj their individual Pdf le.

foog) = fix-faly)

Expected Value

§ X is a andom variable wih pdf | then s mean i
P fxf(x)o\x.

If X and Y are random variables w/ Jo{n{ density function f , we define
the X-mean and Y-mean (expected values of~ X ard Y)

M = ”xf(x,g) dA & Hy =ﬂgflx,5)dA

R g
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